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Two special purpose "singularity" finite elements are developed 
for two-dimensional, linearly elastic applications; the stress field 
utilized for each of the elements satisfies all the field equations of 
linear elasticity and both elements are applicable for either plane 
stress or plane strain analyses. Generalized coordinate displacement 
models were utilized in the finite-element displacement method for the 
development of the elements. 
The first is a high-order "cracked" element which permits an 
accurate numerical evaluation of the dependence of crack-tip region 
stress, strain and displacement distributions on material, loading and 
geometry parameters of sharply cracked symmetric bodies. The shapes 
of the element, rectangular with a three-to-one aspect ratio, was 
chosen so that it would fit conveniently in finite-element models 
making use of the most widely used membrane elements -. the constant-
strain triangle and quadrilateral. The cracked element is character-
ized by eight nodal points equally spaced around its boundary and 
sixteen degrees of freedom; the sixteen degrees of freedom consists 
of the first thirteen symmetric deformation modes of the Williams' 
eigenfunction expansion for the crack-tip stress field plus the three 
rigid-body displacements. The incorporation of many of the higher 
symmetric modes of deformation permits very accurate estimates of 
opening mode stress-intensity factors with strikingly coarse finite-
element grids. The one-to-one correspondence between the actual 
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degrees of freedoms and the number of displacement degrees of freedom 
allows one to add the stiffness matrix of the cracked element to the 
overall stiffness matrix of a finite-element model by the usual direct 
stiffness procedure. The combined features of the high-order cracked 
element make it possible for analysts and designers not extensively 
trained in fracture mechanics, but familiar with finite-element 
methods, to calculate accurate Mode I stress-intensity factors for 
some rather complex fracture problems. 
The second special purpose element is applicable to a fixed-
free corner in linear elasticity. It was developed to show that: the 
technique used for the development of the cracked element could be 
extended to singularities other than the crack-tip variety. In this 
case the singularity is of order r , where a depends weakly on 
Poisson's ratio but is approximately l/k. The corner element is 
characterized as a square with a node at each of its four corners and 
eight degrees of freedom. The incorporation of the appropriate singu-
larity function, as well as some of the higher modes of deformation, 
permits accurate numerical evaluation of the stress, strain and dis-
placement distributions in the vicinity of a fixed-free linearly 
elastic corner. 
The accuracy and efficiency of the high-order cracked element 
is demonstrated in Chapter V by comparing the results obtained for 
several standard structural crack configurations with reference values 
considered to be accurate to within one percent. The accuracy and 
efficiency of the fixed-free corner element .is demonstrated.in the 
latter part of Chapter VI by comparing the results obtained for a 
F 
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The conventional finite-element approach to a two-dimensional 
elasticity problem begins with the representation of the body as an 
assemblage of discrete planar elements having simplified deformation 
fields. The discretization can be visualized as a system of grid 
lines, the intersections of which are referred to as nodes or nodal 
points. For convenience and versatility in conforming to a variety 
of boundary shapes, the shape of the elements is usually taken to be 
either triangular or rectangular. The elements have the same mechani-
cal properties as the body, and the displacement field for each ele-
ment is normally assumed to. be spatially linear. Since the principles 
of the finite-element method are covered extensively in the literature 
[1,2,3A]>* "they will not be discussed in detail here. Very briefly, 
however, the parameters characterizing each assumed displacement field 
are determined by requiring that.the total potential energy of the 
assembly be minimized subject to the boundary conditions. Such an 
approach is justified if it is known a priori that the required dis-
placement field is analytic. 
The contrary fact is that the stress fields given by many 
exact solutions of the field equations of linear elasticity fail to 
be analytic near' certain singular points. These singularities usually 
^Numbers in square brackets correspond to references on p. 100. 
arise as the result of some severe idealization of either the applied 
loads or the geometry of the body. A well known example of each is 
the concentrated force and the sharp crack. 
England [5] conducted an extensive investigation on stress 
singularities which occur in two-dimensional linear elasticity prob-
lems. The investigation was concerned primarily with determining how 
singularities depend on both the type of boundary conditions and the 
geometry of an elastic body near the singular points. It was found 
that the type of boundary conditions determines the character of the 
singularity, but that the local geometry largely influences the 
strength of the singularity. Physically, stress singularities corre-
spond to regions of high stress in which plastic flow or even fracture 
of the material may occur. Mathematically, the presence of singular 
points violates the basic assumptions of linear elasticity and more-
over, they occur at the points at which one is oftentimes most inter-
ested in the response of the material. Needless to say, the conven-
tional finite-element scheme with its assumption of regularly varying 
stress fields will yield an inadequate representation of the exact 
solution near singular points. 
With regard to sharp cracks, which is the type of singularity 
of primary interest here, investigators in fracture mechanics have 
generally agreed that it is more practical to tolerate the crack-tip 
singularity than it is to relax the geometrical idealization that 
causes it. Moreover, the stress-intensity factor,* a parameter 
*Paris and Sih [6] state that, "stress-intensity factors may be 
physically interpreted as parameters which reflect the redistribution 
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proportional to the coefficient of the singular term in a near-tip 
expansion for the stress field, has been found to be a fairly reliable 
indicator of the propensity of a crack to propagate. Paris [7], 
Liu [8], Wheeler' [9] and Forman et' a<l. [10] have investigated the 
problem of fatigue of light-weight structural members due to cyclic 
loading. They all found the stress-intensity factor to be the con-
trolling variable for predicting crack-growth rates. Thus, determining 
the stress intensity-factor for the given loads and geometry of a 
particular problem is the starting point of most routine fracture 
mechanics analyses. 
Early efforts to bring the finite-element method to bear oh 
crack problems depended on using many conventional elements around the 
crack tip in an attempt to accurately depict the extreme stress gradi-
ents there. Stress-intensity factors were estimated from results 
obtained with such models either by extrapolating crack-opening dis-
placement [11,12] or by numerically computing the variation in strain 
energy with crack length [13,1^]. The utilization of such.conventional 
methods has been found to be limited and uneconomical. For example, 
Tong and Pian [15] showed that if the stress singularity is not 
included in the assumed displacement function, then no matter how high 
the order of the polynomials used for the displacement functions, the 
rate of convergence of the finite element solution remains proportional 
to /e", where e is the element size. 
of stress in a body due to the introduction of a crack, and in particu-
lar they indicate the type (mode) and magnitude of force transmission 
through the crack tip region." 
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Recent efforts to circumvent this economic problem have 
resulted in the development of special finite elements with the char-
acteristic crack-tip singularity embedded in them. The idea of 
developing such "singularity elements" to model the neighborhood 
around a crack tip seems to have occurred almost simultaneously 
to a number of investigators [l6, 17, 18, 19, 20], about three years 
ago. The successful development of such a "cracked finite element" 
depended on knowing a priori the near-tip stress distribution charac-
teristic of all two-dimensional crack problems. Fortunately, the 
Williams' series of Airy stress functions [21] satisfying the homo-
geneous boundary conditions appropriate to a crack tip filled this 
requirement. These special singularity elements represent a signifi-
cant improvement in both accuracy and economy. However, most cracked 
finite elements developed to date incorporate only the singular term 
in Williams' series and, consequently, in order to guarantee that the 
nonsingular contributions are comparably negligible, the neighborhood 
represented by the cracked element must be quite small and the problem 
of economy arises again. Moreover, the neighboring conventional ele-
ments in such instances are drawn very near the crack tip again, and 
concern over their capability to adequately represent the stress field 
has led some investigators to introduce special "border elements" [17] 
having a higher degree of sophistication than is routinely required 
for plane elasticity problems. 
Wilson [19] has developed a cracked finite element that 
utilizes the first four terms in the'expansion for the crack-tip 
stress field. The element, however, has the disadvantage of being 
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semi-circular and hence is somewhat awkward to use with conventional 
elements which almost always have straight boundaries. Moreover, 
Wilson's element, as well as some others previously referenced, has 
fewer degrees of freedom than are needed for independence of the 
nodal displacements. This requires that the stiffness matrix of the 
cracked element receive special attention in forming the stiffness 
matrix of the assembly. 
The main objective of this thesis investigation is to develop 
a high-order cracked finite element; i.e. one that incorporates many 
terms in the expansion for the crack-tip stress field. The cracked 
element is to be capable of determining Mode I or "opening-mode" 
(Figure l) stress-intensity factors with a high degree of accuracy and 
efficiency. The following factors will be given primary consideration 
in the development of the cracked element: 
1. Geometrical shape of the element. 
2. Location and spacing of nodal points. 
3. Imposed displacement pattern. 
h. Number of nodal points (degrees of freedom). 
5. Ease of incorporation of element into existing 
conventional finite element programs. 
6. Computational efficiency. 
CHAPTER II 
LITERATURE REVIEW 
Determining .the stress-intensity factor amounts to solving a 
mixed-boundary-value problem in two-dimensional elasticity. Hence 
there are a variety of exact approaches to such a problem. In addi-
tion to these, there are a number of approximate methods designed to 
estimate the stress-intensity factor. Since this investigation is 
concerned with the application of finite elements to estimate stress-
intensity factors, only those approaches utilizing the finite-element 
method will be discussed here. 
In the first attempts to determine stress-intensity factors by 
finite-element techniques [11, 12, 13, lh, 22], the investigators used 
conventional elements only. In such an approach no special provision 
other than local mesh refinement is made for the stress singularity. 
The first step in such an approach is to determine the displacements 
and/or stresses at points near the crack tip. A finite-element com-
puter program employing constant-strain elements is usually used for 
this purpose. The remaining steps of the analysis depend on the partic 
ular computational method being used, as well as the technique used to 
cope with the inability of the constant-strain elements to adequately 
represent the high stress gradients found near the crack tip. Essen-
tially, the computational methods may be separated into ones having as 
their basis (l) near-tip displacements, (2) near-tip stresses and 
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(3) energy variations. 
The first known attempt to employ the displacement method was 
that of Chan et al. [11]. They restricted their investigation to the 
determination of Mode I stress-intensity factors for the following con-
figurations: (l) a simplified compact-tension specimen (Figure 2), 
(2) a compact-tension specimen (Figure 3)> (3) a centrally cracked 
plate under uniform remote tensile stress and (k) a rotating test 
specimen (Figure h). In order to compare the effectiveness of various 
computational procedures the following methods were employed: (l) near-
tip displacement method, (2) near-tip stress method and (3) Rice's 
J-integral [23], a path-independent line integral. Configuration (l) 
was used to evaluate the effectiveness of these three computational 
methods. Stress-intensity factors were obtained for three different 
geometries and compared with the values obtained by a "boundary col-
location solution utilizing the Williams' series. An automatic mesh 
generating scheme was utilized to determine the effect of relative 
element size on the approximations obtained for the stress-intensity 
factor, denoted by KT . Values of KT were obtained by substituting 
nodal point displacements (stresses) at points near the crack tip 
into the appropriate near-tip displacement (stress) relation. Plots 
of KT versus r for fixed values of 0 and a particular displacement 
(stress) component were made. Since the discrete values of displace-
ment (stress) obtained by the use of constant-strain finite elements 
are not accurate near the crack tip, the limiting value, of KT as r 
approaches zero is unacceptable. Chan noted that with suitable 
refinement of element size, the KT curves rapidly approached a 
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constant slope with increasing distance r from the crack tip; the 
distance at which the curves became linear decreased as the near-tip 
element size was decreased. The linear portion of the curve was 
tangentially extrapolated to the crack tip (r = o) to obtain an 
estimate of KT- Utilizing a grid consisting of about 2000 degrees of 
freedom yielded an estimate approximately 5 percent below the refer-
ence collocation value, which is considered to be accurate within 0.5 
percent. 
The J-integral approach was used in conjunction with the 
displacement method solution obtained with the above fine grid. The 
contour integration path was taken over the outer boundary of config-
uration (l) and was evaluated numerically. The strain energy densities 
were calculated from nodal point stresses and the surface tractions 
were calculated from the nodal point forces. The stress intensity 
factor estimated by this method was only 3-5 percent below the collo-
cation value. 
_In order to determine the optimum computational procedure, 
Kobayashi et al. [12] calculated the stress-intensity factor for a 
finite-width centrally cracked plate subjected to uniaxial tension 
(Figure 5) by both the near-tip displacement method and the near-tip 
stress method. The, stress-intensity factor was first calculated by 
using the crack-opening displacement three nodes away from the crack 
tip in a coarse grid consisting of 339 rectangular elements. The 
stress-intensity factor was then calculated by using the substruc-
turing procedure in a fine grid analysis consisting of 798 elements. 
The fine grid analysis yielded values three to five percent below the 
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accepted values. Typical computer runs for the., coarse and fine grid 
analysis oh an IBM 701+0/7091+ system required 3.5 and 6.5 minutes, 
respectively. They indicated that in order to obtain sufficient 
accuracy -when using the crack-opening displacement obtained by a 
conventional finite-element analysis, the size of the element near the 
crack tip must be smaller than one-fortieth of the crack length. They 
concluded that it is not reliable to obtain the stress-intensity 
factor by using the near-tip stress values obtained by the finite-
element method. The near-tip displacement method was then used to 
calculate stress-intensity factors for a double cantilever beam 
specimen (Figure 6); for a longitudinally cracked cylinder under 
internal pressure; for a single-edge cracked plate with prescribed 
edge displacements (Figure 7); and for a tension plate with slanted 
cracks (Figure 8). 
Mowbray [22] carried out a limited study in which he utilized 
the compliance (reciprocal of stiffness) or strain-energy release rate 
to determine the stress-intensity factor for a finite-width, single-
edge cracked specimen subjected to uniform uniaxial tension. In 
order to compare his compliance values with experimental measurements 
obtained by Srawley et al. '[2U<]/ the geometry and loading were made to 
coincide with that used'by Srawley. He utilized a fairly coarse grid 
consisting of constant-strain rectangular elements to determine the 
relative displacement of two points opposite the crack centerline of 
the specimen, over a gage length greater than about five times the 
crack length. By repeating the calculations for various crack lengths 
while maintaining the same grid size, he determined the compliance per 
10 
unit thickness, c, as a function of crack length, a. Differentiation 
of this function yielded values of dc/da which permitted calculation 
of the strain-energy release rate and hence, the stress-intensity 
factor. This procedure yielded results 3-5 percent below the experi-
mental ones obtained by Srawley and his co-investigators for the range 
of dimensionless crack lengths, a/W, considered. 
Anderson et al. [13] applied an energy approach similar to the 
one used by Mowbray to estimate the stress-intensity factor for a 
centrally cracked plate subjected to remote uniform tension. However, 
instead of calculating the rate of change of the compliance with 
respect to the crack length, they determined the rate of change of the 
total potential energy, dP/da, which is also directly proportional to 
the strain-energy release rate. This procedure consists of computing 
the total potential energy for two slightly different crack lengths 
and employing numerical differentiation to determine dP/da. Utilizing 
finite-element grids consisting of 330 nodes yielded KT values which 
differed from the reference values (for an infinite plate) by less 
than one percent. For comparison, they also applied the near-tip dis-
placement method and the J-integral method. Employing the Chan 
tangential extrapolation technique, they found that comparable accuracy 
was not obtained with the displacement method until the grid size 
near the crack tip was reduced to approximately 3a/l000. Of the three 
methods used to estimate the stress-intensity factors, they concluded 
that the strain energy method yields the most accurate results for a 
given number of nodes and a properly selected grid. 
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Wa"frwood [1^] utilized three different methods to estimate 
Mode I stress-intensity factors for two standard configurations: 
(l) a center-cracked panel under tension and (2) a single-edge 
cracked panel under tension. After investigating the results obtained 
with the near-tip stress and near-tip displacement methods, he chose 
to abandon them in favor of the dP/da approach. Utilizing this 
approach in conjunction with a finite-element grid consisting of ̂ 78 
nodes and ^70 elements, he obtained values of K_ two to three percent 
below the reference values. The question of bounds to the true solu-
tion was also considered and it was suggested, but not proved, that 
the latter method will always bound the solution in a manner depending 
on whether the stress-intensity factor increases or decreases with 
crack length. 
Byskov [l6] was one of the first to develop a special cracked 
element embodying the inverse square root stress singularity associ-
ated with the tip of a crack in a two-dimensional elastic medium. His 
simplest cracked element was an equilateral triangle with four nodes 
and the crack emanating from a corner (Figure 9)..' The development 
of his. elements was based on the complex variable technique of 
Muskhelishvili [25]. He assumed complex stress functions, in the 
form of power series, which satisfied equilibrium within the element 
as well as the vanishing of tractions on the crack faces. The number 
of real constants retained in the truncated power series representa-
tion was taken to be equal to the number of degrees of freedom. For 
example, eight independent real constants were employed in the develop-
ment of the triangular cracked element. Two of the constants were 
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taken to represent rigid-body translation of the element; the other 
six constants were selected so that the displacement field within the 
cracked element included not only the terms with singular /r~variation 
1/2 
but also with r and r ' dependence. Utilizing the cracked triangular 
element in conjunction with constant-strain triangular elements, he 
obtained Mode I stress-intensity factors for center cracked and single-
edge cracked plates under remote uniform and concentrated tensile 
loading. For the finest grid, consisting of more than 500 degrees of 
freedom, accuracy was on the order of three to four percent. 
Tracey [IT] also developed a four-node triangular singularity 
element, but unlike Byskov's cracked element, its imposed displacement 
pattern was that associated with the crack-tip singularity only. Also, 
by utilizing quadrilateral isoparametric* elements in conjunction with 
his triangular singularity elements, he was able to maintain displace-
ment compatibility along the common boundaries of the elements. The 
two primary geometries analyzed were a double-edge cracked rectangular 
bar under uniform remote tension (Figure 10) and a round tension 
specimen with a circumferential edge crack. Mode I stress-intensity 
factors .were computed utilizing both the calculated displacement 
values at the first nodal points away from the crack tip and the 
stresses at the midpoints of near-tip triangular elements. Employing 
a grid consisting of 252 elements and 300 nodes with 5̂ 8 degrees of 
freedom yielded estimates of KT on the order of four percent below the 
*An isoparametric element is one whose elastic (displacement 
or stress) interpolation functions are assumed to be the same as the 
shape interpolation functions. 
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reference values, and required approximately three minutes to run on 
an IBM 360/67 computer. 
The primary advantage of this procedure is that with slight 
modifications it can be used for elastic-plastic analysis. The 
plastic analysis can be performed with the same finite-element grid 
used for the elastic analysis. This is accomplished by changing the 
imposed displacement pattern to one that is appropriate for plastic 
deformation and relaxing certain auxiliary constraints. This advantage 
is somewhat offset by the fact that such an approach cannot be incor-
porated into most existing conventional finite-element programs. 
Walsh [18] developed a special hybrid finite element for the 
computation of stress-intensity factors. This cracked element con-
sists of two regions as shown in Figure 11. Within the inner region 
the stress and displacement fields are expressed in terms of the Mode I 
and Mode II stress-intensity factors and their associated singular 
stress fields; only the singular term of the Williams' series is 
included in the imposed displacement pattern. The outer region con-
sists of a conventional finite-element grid that is constrained to 
satisfy certain compatibility and equilibrium conditions on the inter-
face between the two regions. The entire special element forms part 
of a larger finite-element grid that is analyzed in the conventional 
manner. Mode I stress-intensity factors were determined for three 
standard test configurations: (l) a double-edge cracked plate in 
tension, (2) an single-edge cracked plate in tension and (3) a single-
edge cracked plate in bending. The accuracy of the results could not 
be readily assessed since the results were given in graphical form only. 
Ik 
Pian et al. [20] have developed an eight-node rectangular 
singularity element based on a hybrid-stress model which leads to a 
matrix-mixed method, that is, the unknowns consist of stress param-
eters, as well as, nodal displacements. They concluded that fairly 
accurate estimates of the stress-intensity factors can be obtained 
even when the size of the singularity element is as large as the crack 
length. For the case of a finite plate with symmetric double-edge 
cracks they were able to obtain the stress-intensity factor to within 
six percent when allowing only 2k degrees of freedom and to within 
less than 0.5 percent when allowing 185 degrees of freedom. The 
formulation of the cracked hybrid-stress element is such that it is 
suitable for mixed mode problems, and by imposing the stress and dis-
placement distributions appropriate to a crack tip in an anisotropic 
material it is also adaptable to anisotropic problems. A disadvantage 
of this hybrid formulation is the fact that it is not compatible with 




THE WILLIAMS' SERIES 
The Williams' series [21]* of eigenfunctions characterizes the 
crack-tip stress distribution for the plane deformation of a homo-
geneous, isotropic, linearly elastic solid. In the next chapter, the 
Williams' series -will be utilized in the formulation of a high-order 
symmetric cracked finite element for use in a displacement-method com-
puter program. Since the Williams' series is essential to the develop-
ment of the cracked element and because the notation used is somewhat 
different than that used in Williams' original work, the series will 
now be developed and discussed. 
Assume a stress function of the form 
»(r,6;X) =rX+1F(e;\) , (3.1) 
where r and 9 are the plane polar coordinates indicated in Figure 12 
and X is a parameter unspecified at this time. If the body forces are 
derivable from a potential function, the compatibility condition of 
plane elastostatics requires that $(r,6;\) be biharmonic; i.e. 
(4 + ;i + ^S)(^ + ;i + ^ i ) * ( r > 9 i X ) =o . (3.2) 
dr r 36 dr r ^ 
*An error in [21] was subsequently corrected by Williams in 
[26]. 
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Substi tut ing (3«l) into (3.2) yields 
rX- 3[F"(9. ;X) + [(X+D2 + ( \ - l ) 2 ]F" ( 6;\) 
+ ( \+ l ) 2 (X- l ) 2 F(0 ; \ ) ] = 0 , (3-3) 
where the prime ( ') denotes differentiation with respect to 8. Since 
the function F(S;X) does not depend on the variable r, (3.3) requires 
that.F(e;\) satisfy 
FM(Q;\) + [(X+l)2 + (X-l)2]F//(9;\) + (X+1)2(\-1)2F(6;\) = 0 , (3.k) 
which can he written in the more readily amenable form 
P~2 + ( x + D 2 ) ^ + (\-D2>(e;\) = o (3 .5) 
The general solution of (3.5) i s 
C1sin(x+l)0 + C2cos(\+l)0 •+ C s in(x- l )6 + CJ+cos( \ - l ) 6 , \
2 /=0or l 
F(9 : \ ) = J c GOS8 + C2sine + C 9cos6 + C 9sin9, \ = 0 
C 8 + Cg + C sin26 +'C^cos28, X = 1 
(3.6) 
where C , C , C and C, are integration constants. In the absence of 
body forces, stress components corresponding to a stress function 
expressed in plane polar coordinates are given by 
, -x i as i as 
or(r,9) =- ̂ + ^ - 2 ' 
r ae 




If the stress function given by (3.1) is substituted into equa 
(3.7); then stresses are found to be 
ar(r,9;X) = [F"(9;X) + ( \+l)F(9; X) ]r
X_1 , 
•ae(r,9;\) = XU+1)F( 9; X)r
X_1 
and 
are(r,9;\) = - AF'( 9; X)r
X_1 
For X = 0, the stress function in (3-l) takes the form 
§(r,9;0) = r(C cos9 + C sin9 + C 9cos6 + Cosine) , 
and the stresses from equations (3.8) are found to be 
ar(r,9;0) = - (Ĉ co.39 - C3sin9) , 
oe(r,6;0) = 0 
and 
ar9(r,9;0) = 0 
18 
Timoshenko and Goodier* show that the stress field represented by 
equations (3-10) corresponds to the problem of a wedge subjected to 
a concentrated force at its apex. Since the case of a concentrated 
force at the crack tip is not to be considered in this investigation, 
the eigenfunction corresponding to X = 0 will be excluded as a possible 
solution. 
The homogeneous boundary conditions corresponding to free 
crack faces in Figure 12 are 
ae(r,+ n;\) = 0 
and • (3.11) 
<?re(
r>± TT;\) = 0 
From equations (3.8) it is readily seen that equations (3.11) require 
F(+ n;\) = 0 
and (3.12) 
F'(+ TT;\) = 0 . 
For \ = +1, (3.6) taken in conjunction with equations (3.12) leads to 
the following system of homogeneous equations for C , C , C and C. 
T T ^ + C2 + Ck = 0 , 
- nC1 + C2 + C^ = 0 
*S. E. Timoshenko, and J . N. Goodier, Theory of E l a s t i c i t y , 
Third E d i t i o n , McGraw-Hill, New York, 1970, pp . 109-113. 
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and 
C1 + 2C3 = 0 . (3.13) 
Conditions (3.13) are satisfied if 
c 1 = c 3 = o 
and (3.1*0 
c 2 = - cJ+ . 
From an examination of (3-1^)J one sees that (3.13) has a non-trivial 
solution for the symmetric* problem, but does not have a non-trivial 
solution for the anti-symmetric* problem. Hence, the value \ = +1 is 
an eigenvalue for the symmetric problem, but is not an eigenvalue for 
the antisymmetric problem. 
For \ = -1, the stress function in (3-1) takes the form 
$(r,e;-i) = c1e + c2 + c sin2e + c^cos2e , (3.15) 
and the stresses from equations (3-7) are found to be 
CTr(r,6;-l) = -MC sin29 + C^cos29)r"
2 , 
CTQ(r,ej-l) = 0 
and (3.16) 
-2 
CTr (r,9;-l) = (C1 + 2C3cos29 - 2C^sin29)r" 
*In all that follows, the description, "symmetric," shall mean 
that $(r,9;\) is an even function of 9; i.e. C = C = 0. The descrip-
tion, "anti-symmetric," shall mean that $(r,9jA) is an odd function of 
9; i.e. C = C^ = 0. 
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-2 
Since the stresses are singular like r , it follows from the strain-
displacement equations of linear elasticity that the displacements 
will "be singular like r . Consequently, the eigenfunction corre-
sponding to X = -1 must "be excluded on the "basis that it will result 
in unbounded displacements at the crack tip. 
2 
For X ^ 0 or 1, (3.6) taken together with (3.12) leads to the 
following system of homogeneous equations for C , C~, C and CV and to 
an eigenvalue problem for \ 
C sin(\+l)TT + C COS(\+1)TT + C sin(\-l)n + C, cos( \-1)TT = 0 , 
-C1sin(\+l)n + C2COS(\+1)TT - C sin(\-l)n + C^COS(\-1)TT = 0 , 
C1(\+l)cos(\+l)1r - C2(\+l)sin(\+l)n + C (\-l)cos(\-l)n 
- C^(\-l)sin(X-l)n = 0 (3.17) 
and 
C1(\+l)cos(x+l)n + C2(x+l)sin(x+l)rr + C ( X-l)cos( X-1)TT 
+ C^(\ - l )s in( \ - l )TT = 0 . 
Equations (3.17) are equivalent by simple addit ions and subtract ions to 
C 1s in( \+l)n + C s in ( \ - l ) i r = 0 , 
C 1 ( \+l )cos( \+l )n + C ( \ - 1 ) C O S ( \ - 1 ) T T = 0 , 
C2COS(\+1)TT + C^COS(\-1)TT = 0 (3- l8) 
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and 
C2(\+l)slriU+l)TT + C^(\-l)sin(\-l)n = 0 . 
From (3.18) it is seen that the symmetric problem for Cp and C. 
separates naturally from the anti-symmetric problem for C and C_. 
Since each of the above pairs of equations are homogeneous, a non-
trivial solution will exist if, and only if, the determinant of the 
coefficients vanishes. A non-trivial solution of the symmetric 
problem requires 
(\-l)sin( \-1)TTCOS(\+1)TT - ( \+l)cos( \-l)nsin( \+l)n = 0 , 
which reduces by elementary trigonometric identities to 
sin 2n\ = 0 . (3.19) 
A non-trivial solution of the anti-symmetric prpblem requires 
(\-l)sin( \+1)TTCOS(\-1)TT - ( \+l)cos( \+l)'TTsin( \-1)TT = 0 , 
which also reduces to 
sin2TT\ = 0 . (3.20) 
Thus for \ ^ 0 or 1, an eigenvalue for the symmetric problem is an 
eigenvalue for the anti-symmetric problem and conversely. The eigen-
values are given by 
\ = | , (3.21) 
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where n is any positive or negative integer not leading to a previously 
excluded value of \. Since many fracture problems of interest are 
symmetric about the crack, it is expedient to consider symmetric and 
anti-symmetric applications separately. Paris et al. [27] state that, 
"in applications to failure analysis Mode II (planar shear mode) and 
Mode III (anti-plane Shear Mode) are very seldom influential. This 
is because cracks tend to almost always form on planes perpendicular 
to principal tension directions which cause cracks to open; the mate-
rial's resistance, to cracking seems to favor crack formation and 
propagation on such planes." In all that follows, only the symmetric 
problem will be considered. 
Substituting the eigenvalues given by (3-21) into the last two 
of equations (3.18) yields 
Q2cos (^J-JTT + C^cos (^r~V = 0 , 
and 
=2^Mf)»^)-er)» = »'. 
For n even, the first of equations (3.22) requires 
c2 = - ck , (3.23) 
and the second of equations (3.22) is identically satisfied. For n 
odd, the first of equations (3-22) is identically satisfied, and the 
second of equations (3-22) requires 
(3.22) 
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C2 = - S f C l , • <3.21.) 
Equations (3.23) and (3.24) w i l l both be sa t i s f ied i f 
C - _ n+ 2 ( - l ) c (? 21) 
L2 " n+2 S • U ' ^ 
Hence, the symmetric eigenfunctions are given by 
«r,.iB) = C n r ^ [ c o . ^ > - agglJ! c . ^ ) , ] . (3.26) 
In preparation for the task of integrating the strain-
displacement equations for the displacement components, it is useful 
to consider the family of functions 
*(r,6;pf,3) = racosp6 . . (3.2?) 
It is now verified that such a function is a stress function (i.e. is 
2 2 2 2 
biharmonic) provided only that either 3 = <y or p = (a - 2) . Upon 
substituting (3.27) into (3.2), one finds 
' A(r,e;a,0) = (c*2-p2)[(c*-2)2 - 32]ra"UcosPe , (3.28) 
which proves the earlier statement. This confirms that the individual 
terms in any one of the eigenfunctions $(r,6;n) given by (3.26) are 
stress functions; consequently, the stresses, strains and displacements 
corresponding to each term of $(r,0;n) can be computed separately. 
Substituting (3.27) into equations (3-7) yields the following 
in-plane stresses 
2k 
P — P 
tfr(r,9;a,3) = (or-3 )r





a~ sin3 9 . 
The strains corresponding to the stresses given by (3.29) are obtained 
through Hooke's law; i.e., 
2Ger(r,9;a,3) = (l-a)CTr(r, 9;<y,3) - ooQ(r,9ja,3) > 





The dimensionless e l a s t i c constant <j i s given by 
V, for plane s t ra in 
a = (3.31) 
v 
1+v , for plane s t ress 
•where V denotes Poisson's r a t i o and G i s the shear modulus. The 
in-plane s t ra ins are 
2Ger(r,9;<y,3) = [ ( l - a ) ( a -3 ) - o<*(a-l)]r
a" cos39 , 
2GeQ(r,9;a,3) = [ ( l - a ) a ( a - l ) - CT(<*-02) ] r
a~ 2 cos39 
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and 
2Ge r e ( r ,e ;o<,3) = 2(cy-l)3r
C*~2 sin36 . (3-32) 
The l i n e a r i z e d s t r a i n - d i s p l a c e m e n t equa t ions in p lane p o l a r 
c o o r d i n a t e s a r e 
e r ( r ,6 ;cy ,3 ) = ^ 
± 1 bnQ{r,d;a,&) 
« o ( r , e ;o r ,0 ) = r u ( r , Q;a,$) + r r . e x ^ , w , « , M / r - r x - , v , « , M / . r s e 
and (3 .33 ) 
1 Su r ( r ,0 ;cy ,3) . / u f l ( r , e j a * 3 ) v 
«re(r,e;<y,3) = - a e —
+ r ^ ( r ) ' 
in which u (r,9;cr,3) an<i ua(r, 0;cy,p) are the radial and tangential r Q 
displacement components, respectively. Upon integrating the first of 
equations (3•33)j one obtains . > • . 
2Gur(r,e;cy,e> = Ar
a _ 1 cos39 + f(e) V (3-3*0 
where f'(9) is an arbitrary function of 8 and 
2 
A _ (l-q)(o-B ) - oorCof-l.) (3.35) 
Substituting from equations (3-32) and (3.3*0; o n e finds upon inte-
grating that the second of equations (3-33) yields 
2Gue(r,0;a,3) = (B - ̂ )r
a_1 sin36 - f(6) + g(r) , (3-36) 
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•where g ( r ) i s an a r b i t r a r y funct ion of r and 
E _-(l-g)o<Qf-l) - g(cy-g ) _ ( 3 . 3 7 ) 
P 
Finally, a consideration of (3.3*0 and (3-36) in conjunction with the 
last of equations (3.32) and the last of equations (3-33) leads, after 
considerable manipulation, to the differential equation 
f"(6) + f(9) = - r
2 ̂  (fi^i) + i^i^l [ ( a- 2)V]r .(3.38) 
2 2 2 2 
Recalling that 3 must satisfy either 3 = a or 3 = (a-2) , it is 
seen that the second term on the right-hand side of (3-38) vanishes. 
Since the left-hand side of (3-38) depends only on 9 and the right-
hand side depends only on r, both sides must be equal to the same 
constant C; i.e., 
f"(e) + f(e) = c 
and (3-39) 
•**&(¥•)-<>'• 
The solutions of equations (3-39) a r e 
f(6) = K sin 6 - H cos 0 + C 
and (3.^0) 
g(r) = Fr + C , 
where F, H, K are integration constants. Physically F, H and K 
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represent rigid-body displacement parameters. Substituting equations 
(3.^0) into (3.3^) and (3•36) yields the in-plane displacement com-
ponents 
2Gu (r,8;ar>3) = Ara" cos|39 + Kcos9 + Hsin9 
and <» (3.^1) 
2Gfue(r,ejQr,3) = fB - g-V
0"1 singe + Fr + HcosQ - Ksin9 . 
These equations can now be used to generate the series for the 
displacements near a crack tip. To do this, one must substitute 
a = X + 1 and either |3 = X - 1 or 3 = \ + 1. This means that the 
exponent for r in equations (3.̂ -1) becomes \, and hence all negative 
eigenvalues (the value X = -1 was previously excluded) must be excluded 
on the physical grounds that they lead to infinite displacements at 
the crack tip. 
The value X = 0 has previously been excluded on the basis that 
it implies that there is an externally applied force at the crack tip. 
Thus the only physically admissible eigenvalues for symmetric problems 
are given by 
\ = | , (3.^2) 
where n is any positive integer.* 
*The admissible eigenvalues for the anti-symmetric problem are 
the same as for the symmetric case except that n=2 ( \=l) must be 
excluded since the eigenfunction for this value corresponds to a state 
of uniform shear, which obviously cannot be supported by the stress 
free crack faces. 
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2 2 
The constants A and B are now evaluated for the values p = a 
2 2 
and 3 = (ck-2) . 
and 
A = < 
„ 2 2 
-a for p = a 
U - ho - a for p2 = (a-2)2 
(3.^3) 
B - - = < 
«2 2 
a for p = a 
2 - Ua + a for p = (a-2) 
For the admissible eigenvalues, these "become 
and 
A = < 
| - 1 for p2 = a2 
3 - hQ - •§ for ^ = («-2)< 
(3.H) 
B - 6=< 
| + 1 for p2 = a2 
3 - ho + | for p 2 = (a-2)' 
The principle of superposition now permits summing the stress 
functions corresponding to each eigenvalue to form a more general 
solution consisting of independent components. Series expressions 
for the stresses and displacements are 
Z 8 






 r n C - h n
C O S Q r
n
e + (n-42)cos3n8] , 
n=l 
" -, ' 8 ' 
c r r e ( r , 8 ) = £ s n | r
 n [ -h n s incv n e + ( n - 2 ) s i n 8 n e ] ; 
n=l 
oo n 
^ V 2 u r ( r , 0 ) = ^ TJG r [hn c°scyne + (6-8cr-n)cos8 ne] 
n= l 
K cos9 H sjn8 
+ 2G + 2G 
oo n 
Sn 2 u e ( r , 6 ) = ^ - j ^ r [ - h n s i n a n 6 + (6-8CT+n)sin8ne] 
n=l 
Fr _H^cos8 _K_sin8 
+ 2G + 2G " 2G ' 
n-t2 
n 2 
fi - H = 2 
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and (3.M) 
h = n +2(-l) n . 
n ' 
The leading terms in each of equations (3-^5) are singular like 
-1/2 
, r ' ; all subsequent terms are nonsingular. The coefficient s is 
related to the opening-mode stress-intensity factor by the formula 
K T = lim /2Tir oa(r,o) = /2TT S. . (3-^8) 
± y i • 
r-o 
It is convenient at this point to introduce the dimensionless 
variables below: 
u U Q 
R = I ' UR = T ' U6 = D" ; 
bR ~ G ' 6 " G ' bR6 ~ G 
and ;- (3.1+9) 
ft. 
s*^ = K/2GD 
Sn = l G S n f ° r n = 1 * 2 * " - A 3 , ^ = H/2GD 
s*6=F/2G . 
In equations (3-^9) D is a characteristic length to be specified 
later. In terms of the dimensionless variables defined in equations 
(3.^9), equations (3.1+5), (3. h6) and (3.U8) take the form below: 
13 3 
SR(R,9) = £ nR
 n s*[hncosorne - (n-6)cos0n9] , 
• n = l • , . • ; . ' ' ' • • . ' 
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¥ K* 
S.(R, 0) = ) nR s [-h coso- 0 + (n+2)cos0 9] 




SRe(R,e) = £ nR
 n s*[-hnsinan9 + (n-2)sin)3ne] ; 
n=l 
x3 
UD(R,e) = V R
n'2 s*[h coso- 9 + (6-8a-n)cos|3 9] 
• .R '•• ZJ nL n n- ' n J 
n=l 
+ s ^ cos0 + s sine /.. (3.51) 
13 
U0(R,6) = V R
n/2 s*[-h sina 9 + (6-8o+n)sin|3 9] 
9 L, nL n n n J 
n=l 
•x- •#• •#• 
- s ̂  sin9 + s cos9 + R S / 
and 
Kj = 1K3/2TTD sx . (3.52) 
Equations (3.50) and (3.51). are the basic equations needed to form 
the stiffness matrix of the eight-node symmetric cracked element 
which will be developed in the next chapter. Note that the Williams' 
series has been truncated after the thirteenth term. These thirteen 
degrees of freedom (s , s~, ..., s _) in conjunction with the three 
•x- •#• 
rigid-body displacement degrees of freedom (now denoted s . , s and 
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sV> are taken to be the sixteen degrees of freedom natural to an 
lo' 
eight-node memhrane element. 
CHAPTER IV 
A HIGH-ORDER CRACKED FINITE ELEMENT 
A high-order-cracked finite element for,symmetric applications 
will now be developed. As indicated previously, the cracked element 
utilizes appropriate Williams' coefficients as generalized coordi-
nates in a displacement-method approach. The shape of the cracked 
element is taken to be rectangular with a three-to-one aspect ratio. 
In order that the cracked element be visualized as three equal squares 
with a node at each corner, as shown in Figure 13, the number of nodes 
is taken to be eight. These eight nodes are equally spaced around 
the boundary of the element. The characteristic length, D, used in 
equations (3.^9) "to make certain variables dimensionless is now taken 
to be the distance between the nodes. 
Since the cracked element is restricted to two-dimensional 
applications, it has sixteen degrees of freedom. Thirteen dimension-
less coefficients of the Williams' series, defined in the last of 
equations (3.^9); plus the three rigid-body displacement degrees of 
freedom are taken as generalized coordinates. This insures a balance 
between the actual degrees of freedom and the number of displacement 
degrees of freedom of the cracked element so that one may add the 
stiffness matrix of the high-order element to the stiffness matrix of 
the assembly in exactly the same way that a conventional element is 
added. 
3^ 
The incorporation of many of the higher symmetric modes of 
deformation permits very accurate estimates of opening-mode, I, 
stress-intensity factors with relatively coarse finite element grids. 
The shape of the element was chosen so that it would fit conveniently 
in models making use of the most widely used membrane elements -- the 
constant-strain triangle and quadrilateral. 
For convenience the stiffness matrix of the cracked element 
will be formulated in dimensionless form. The dimensionless cartesian 
and polar coordinate systems in Figure 1^ are related by 
X = R cos 9 
and (̂ .D 
Y = R sin 9 , 
with their common origin at the crack-tip midway between nodes one 
and eight. The dimensionless in-plane polar stress and displacement 
components (see equations (3-50) and (-3-51)) in the now more conveni-






2n cos 9 
sin 9 
• 2ft sin 9 
2n cos 9 
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2 sin 9 cos 9 
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Let the column of dimensionless nodal displacement components 












in the elemental cartesian coordinate system and let the column of 






* * * 
The generalized coordinates s , , s , s,^ represent, respectively, 
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the rigid-body parameters for translation in the X-direction, 
translation in the Y-direction and rotation.about an axis through the 
origin and perpendicular to the XY-plane. The nodal displacement com-
ponents can be related to the generalized coordinates by 
fU} = [A][s*3 . (k.6) 
Since the number of generalized coordinates was chosen to equal the 
number of degrees of freedom, the transformation matrix [A] will be 
square. In this case, a proper choice of nodal locations and the 
inclusion of the rigid-body terms results in [A] being non-singular; 
hence, the inverse of [A] exists. 
In order to avoid having to recalculate [A] for each different 
material, and when changing from a case of plane strain to a case of 
plane stress or vice versa, [A] is formed in two separate parts; one 
independent of the parameter Q, say [A ], and the other dependent upon 
Q, say [Ap]. Then as long as the geometry remains fixed, [A] can be 
calculated by simply multiplying [Ap] by the appropriate value of a 
and adding the result to [A,]; i.e. 
[A] = [Ax] + a[A2] . / ( M ) 
Before forming the matrix [A], it is convenient to resolve the dimen-
sionless in-plane polar displacements (see equations (3.51)) into two 
parts; one independent of the material parameter o and the other 
dependent upon cr; i.e., 
uR(R,e) = u R (R,e) + ouR (R,e) 
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and 






' V * n / 2 - , ^ \ -, - . * . - ' * 
UR (R, 9) = )
 s
n
 R [ h n
C O S a n 9 + ( 6 - n ) c o s 3 n 8 ] + s ^ cos 6 + s ^ s in 9, 
n=l 
13 
u R(R,e)=-8 ^ sn* R
n/2cos3ne , -(u.8) 
2 "=1 
13 
Urt (R,6) = V s * R
n / 2 [ - h sine* 9 + (6 + n)sinR 9] 9, ZJ n L n n ' Hn J 
n=l 
• X - T * * . - ' • . 
- s ^ s in8 + s cose + s g R 
and 
13 
u 9 (R,e) - 8 ^ ; R
n/2 sinpne 
n=l 
The matrix [A ] is determined by evaluating U_ (R,0) and U (R,0) 
x wl el 
at each of the nodes and then using the coordinate transformation 
(^•3). The matrix [A„] is determined in the same manner. The inverse 
of [A] is denoted by [A ] and is determined numerically. Then 
£s*} = [A-1]^} . (k.9) 
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The elastic strain energy stored in the cracked element may be 
written as 
2V = {s*}T[KC]{s*} , (4.10) 
where [s ] denotes the transpose of fs } and [KC] is the stiffness 
matrix of the element relative to the generalized coordinates. 
Equation (4.10)., of course, implies an integration, the details of 
which will "be given shortly. Substituting (4.9) into (4.10) leads to 
2V = fU}T[KC][A_1]fU} , (4.11) 
hence the stiffness matrix of the cracked element relative to nodal 
displacement components is given by 
[K] = [A^fCKCjCA'1] . (4.12) 
Since the stress field employed here satisfies all of the field 
equations of linear elasticity the strain energy stored in the cracked 
element can be computed by numerically integrating the work of the 
surface tractions around the boundary. The surface tractions acting 
on the boundary of the cracked element are shown in Figure 15. The 
work done on the cracked element by the surface tractions acting 
through the boundary displacements is given by 
2v = GtD 2{.r •" •••• - ( S Y U V + S x Y u x )dx + T " ''° (sA + S x y u Y )dy 
A S - 1 , J 1 = 0 
along Y = 0 a long X s 1.5 
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+ r ~lm* ( s y u Y + S x Yux)dx 
x — - -L. j 
along Y = 1.0 •,. 
Y = 1.0 
.+ J" - (sx
u
x +
 SXYUY)dY ' (U'13) 
along X = - 1.5 
where t denotes the uniform thickness of the element. The dimension-
less stresses S ; S and S are determined by substituting equations 
(3.50) into equations (̂ -.2) and the dimensionless displacements Uv 
and U Y are determined by substituting equations (4.8) into equations 
(U.3). Equations (̂ -.8) permit the separation of the work and conse-
quently, [KC] into two parts; one independent of a and the other 
dependent on a. This separation of [KC] into two distinct parts was 
made to permit the storage of the stiffness matrix as the sum of two 
matrices that are each internally independent of material parameters. 
During the integration indicated in (U.13), a separate numerical 
account was kept for the contribution to 2V of each product s. s. . 
The sum of these separate accounts results in a quadratic form for the 
elastic strain energy in terms of the generalized coordinates; i.e. 
2V = GtD2{s*}T[K1* + oK2*]{s*} . '-\k.lk) 
•X- -X-
The elements of K, and K„ can be obtained by substituting (k.lk) 
into the relation " 
ko 
2 
KC =K* + QK* = V » • (̂ .15) 
J ij ij as. as. 
# 
The last three rows and columns of [K, ] should contain only 
* # 
zeros because the three rigid-body terms corresponding to s ̂  , s , • 
s f- by themselves make no contribution to the strain energy. This 
was used to gage the step size in the numerical integration procedure. 
Because the integration need be done only once, a rather generous 
number of steps was not considered excessive. The net" contribution 
of the rigid-body terms was found -to'be-effectively zero when 6^00 
steps were taken around the boundary and all computations were made 
in double precision. 
The stiffness matrix relative to nodal displacements is obtained 
as the sum of two matrices that are each internally independent of 
•x- -x-
material parameters by substituting [K, ] and [Kp ] into (^.12); i.e. 
[K] = [Kx + oK2] = GtCA'YCV 4 oK2*][A
_1] . . (k.l6) 
Once the stiffness matrix of the cracked element is formed, its incor-
poration into the stiffness matrix of an assembly is easily achieved 
by applying the direct stiffness method commonly used for assembling 
conventional finite elements. This feature of the high-order cracked 
element makes it possible for analysts and designers not extensively 
trained in fracture mechanics, but familiar with finite-element 
methods, to calculate accurate Mode I stress-intensity factors for 
some rather complex fracture problems. 
J+l 
CHAPTER V 
NUMERICAL RESULTS FOR CRACKED ELEMENT 
To illustrate the capabilities of the high-order cracked 
element with regards to accuracy and economy, stress-intensity 
factors were determined for the following standard test configurations 
for several different cases of loading and geometry: 
(1) single-edge crack subjected to tension (SECT), 
(2) double-edge crack subjected to tension (DECT), 
(3) center crack subjected to tension (CCT) 
and 
(k) single-edge crack subjected to in-plane bending (SECB). 
Stress-intensity factor solutions for these configurations are estab-
lished [8] and considered to be accurate to within a one-percent 
tolerance. 
The computer program employed in this investigation was limited 
to linear, elastic, plane stress or plane strain analysis of isotropic 
bodies. The elements included in the program library are (l) constant 
strain triangle, (2) four-CST quadrilateral,* (3) eight-node cracked 
element (for symmetric applications) and (k) four-node fixed-free 
corner element (developed in Chapter 6); however, due to the program's 
*A four-CST quadrilateral element is one formed by combining 
four constant-strain triangular elements and removing the degrees of 
freedom of the internal node by the process of static condensation. 
modular (driver-subroutine) organization, other elements can easily 
be added to the library. The program is written in UNIVAC 1108 
FORTRAN V and designed for use from a remote terminal under the UNIVAC 
EXEC 8 operating system. All computations are performed using single 
precision arithmetic and the equation solver subroutine utilizes a 
symmetric Gauss-Doolittle decomposition with forward elimination and 
"back substitution. 
The first case considered was a plate six inches wide and 18 
inches long, with an a/W (crack depth a to plate width W) ratio of 
0.5> subjected to unit remote uniform tension perpendicular to the 
crack for configurations (l) - (3), and to a six in-lb. in-plane 
bending moment for configuration (4). A very coarse grid (Figure 16) 
consisting of 1^ nodes, nine constant-strain triangles and one 
cracked element (with a length twice the crack length) was used in 
this case to indicate the effectiveness of the high-order cracked 
element in determining Mode I stress-intensity factors, KT. This 
grid, which results in the SECT and SECB models having only 25 
displacement degrees of freedom (DOF) and the DECT and CCT models 
having 22 DOF each, was used to determine KT for all four configura-
tions.* The values of K_ obtained by the finite-element analysis are 
compared with the ASTM reference values in Table 1. Considering the 
coarseness of the grid and the size of the cracked element, the 
*The same grid can be used for all four configurations if 
appropriate constraints are placed at certain nodes appropriate for 
each of the different configurations. Constraints appropriate for 
the SECT and SECB, DECT and CCT models are indicated in Figures 16, 
17 and 18, respectively. 
I accuracy of the finite-element predictions are impressive (̂  ^.63%) 
for all four configurations. The Central Processor Unit (CPU) time 
ii1 
I required to run all four configurations was 3.9 seconds. 
I The second case considered was a plate ten inches wide and 
:' +̂0 inches long, with an a/W ratio of 0.3> subjected to a remote 
ij uniform applied stress of ten psi perpendicular to the crack for con-
l;j . • figurations (l) - (3.), and to a 100 in-l"b in-:plane bending moment 
jj • 
ii for configuration (U). A less coarse grid consisting of Q\ nodes, 
Si • . . . . 
|| 89 constant-strain triangles and one cracked element (Figure 19) was 
! 
;! utilized for this case. This grid, which results in the SECT and 
'I 
1 
<\ SECB models having 122 displacement DOF and the DECT and CCT models 
having 112 DOF each, was used to determine Ky for all four configura-
il 
I tions. The values of K_ obtained by the finite-element analysis are 
Ij compared with the ASTM reference values, as well as with values 
obtained by Oglesby and Lomacky [29] for the same configurations, in 
Table 2. Oglesby utilized a two-term near crack-tip displacement 
I method approach to determine values ofl-. The finite-element grid 
|j used by Oglesby consisted of 519 nodes and ^95 elements, and required 
h.3 minutes running time (for each of the four configurations) on an 
1 
II IBM 7090 computer. In comparison, the much coarser grid utilizing the 
|! high-order ]element required only 10.6 seconds* CPU time (for all four 
|| configurations). 
1 ' " • \ . . . 
'j ! ' • • ' • • " . . ' 
;'i 
|i •XThis is the CPU time only; approximately 30 seconds are 
|i required to create the relocatable and absolute elements for the 
Uh 
The final case considered was a plate with an aspect ratio of 
1.0, subjected to a uniform unit tensile stress as shown in Figure 20. 
For this case, KT was determined only for configuration (2); i.e., a 
double-edge cracked plate subjected to in-plane tension. This 
problem was chosen to demonstrate the effectiveness of the high-
order cracked element in calculating KT for finite-length plates. 
The problem was first solved by Bowie [30] by a complex-variable 
conformal mapping technique, however, Irwin [31] had previously 
obtained an approximate solution by utilizing Westergaard's [32] 
solution for a series of equally spaced collinear cracks in an 
infinite sheet. Bowie concluded that Irwin's approximation is valid 
for deep cracks but in error by as much as 13 percent for small crack 
depths. 
Since this configuration possesses double symmetry, only one 
quarter of the plate was needed for the finite-element analysis, and 
the only non-zero stress singularity term is Mode I type. The finite-
element grid (Figure 21) utilized for this problem consisted of k-k 
nodes, 17 constant-strain triangles, 20 four-CST rectangles and one 
high-order cracked element (with a length equal to that of the crack). 
This grid results in the DECT model having 77 displacement DOF and 
leads to a KL- value of O.783. This value differs by only 1.26 percent 
from the value of 0.793 obtained by Bowie and required 3.0 seconds 
CPU time to obtain. 
Pian et al. [20] also solved this problem by a finite-element 
technique in which they utilized an eight-node singularity element 
developed from a hybrid stress model incorporating special stress 
terms which represent the correct singularity behavior at the crack 
tip. For a grid consisting of eight singularity elements (65 dis-
placement DOF), they obtained a K_ value of 0.822 (3.66 percent 
error); and for a grid consisting of l6 singularity elements (117 
displacement DOF), they obtained a KT value of 0.812 (2.ko percent 
error). The computer times required to obtain these results were 
not indicated. 
From an examination of Tables 1 and 2 it is seen that the 
values of K_ obtained by the high-order cracked element were high for 
some of the configurations considered and low for others. This char-
acteristic of the high-order element is due to the fact that the 
element is non-conforming, that is, it does not satisfy interelement 
displacement compatibility. The principal disadvantage of noncon-
forming elements is that there is no guarantee that the displacement 
formulation will provide an upper bound to the true stiffness (i.e., 
the simulated structure is less flexible than the actual structure) 
and consequently, converge to the exact solution from below. Never-
theless, nonconforming elements, which are more flexible than con-
forming elements, are being used increasingly because they often 
provide more accurate results for the same discretization and conse-
quently, speed up convergence. 
Table 1. Stress-Intensity Factors (psi-/in) 
for 6" x 18" Plate with a/W = 0.5. 
SECT DEGT CCT SECB 
k.S.T.M. 8.68? 3-56ii- ;. 3.626 ^.592 
Eigh-Order 
Element 8.68.7 3.729 3.723 
^ . 6 6 0 
Difference 0.000 k.G& 2.68$ l .A8# 
Table 2. Stress-Intensity Factors (psi-/in) 
for 10" x ̂ 0" Plate with a/W =0.3-
SECT ••- D E C T :• '• . CGTr SECB 
A..S;TJM.'- 51.0^7 \ 3^.b6o 32.30^ 20.697 
High-Order 
Element 50.386 
3V352 32.329 19.375 
Qglesby and 
Lomacky 
^0.6^ 3^.690 31 .31^ 19 .3^1 
CHAPTER VI 
FIXED-FREE CORNER ELEMENT 
As pointed out previously, many exact solutions exhibit 
singular stress distributions near certain points. Another practical 
problem which falls into this category is the problem of a fixed-free 
corner. It is often important to know the exact nature and strength 
of the stress singularities at such corners. 
Many investigators have studied the stress distribution in 
the neighborhood of sharp corners •with some of the earliest contribu-
tions being from Inglis [33]> Southwell [3^] and Williams [35]. The 
more recent investigators [5, 36, 37] have essentially used the same 
approach as that used by Williams; i.e.> they examined the behavior 
of the stress field at the tip of an elastic wedge of arbitrary angle 
with various boundary conditions. 
To demonstrate the versatility of the approach used to develop 
the crack-tip element, a finite element appropriate to a two-dimen-
sional, linearly elastic fixed-free corner will be developed. A 
requisite for this finite-element approach is the inclusion of the 
relevant singularity functions in the description of the corner ele-
ment. In this particular case the relevant singularity functions may 
be obtained from a stress function of the same analytical form as that 
used to obtain the singularity function for the crack-tip element; i.e 
§(r,9;\) = r X + 1 F( 9; \) , (6.1) 
hd 
where r and 0 are the plane polar coordinates indicated in Figure 11 
and \•±.s a parameter unspecified at this time. If the body forces are 
zero, the compatibility condition of plane elastostatics (see equa-
tion (3.2)) requires that F(9;X) satisfy 
( - ^ '•+ •'•( x + i ) 2 ) ( - ^ 2 . + ( \ - i ) 2 ) p ( e ; 0 = 
o9 o9 
0 (6.2) 
The general solution of (6.2) is 
C-coS8"+ CpSin0 + C 0cos0 + C. 0sin0, \ = 0 
F(9;X) = ^ ^ 0 + C2 + C sin29 + C4cos20, X > 1 (6.3) 
Ĉ 'in'CA+lJe + C2cos(\+l)
:e'+ C sin(X-I)0 + C^cos(x-l)e/\2^orl 
where C-, C„, C_ and C> are integration constants. 
From equations (3.8), the stresses corresponding to §(rr6;\) 
are given by 
ar(r,9;\) = [^(ea) + (X4-l)F(0;X)]r 
X-l 
ae(r,0;X) = X( X+l)F(iy\)i 
X-l 
and (6.4) 
are(r,e;x) = - ^'(e;X)r
X_1 . 
The strains corresponding to the stresses are obtained through 
Hooke's law; i.e., 
2Ger(r,0; X) = (l-CT)ar(r, 0;X) - aa (r,0;X) , 
^9 
2Gee(rre;X) = (l-a)ae(r, 9; x) - aar(iY9;X) 
and (6.5) 
2Gere(r,e;\) = 2are(r,e;X) , 
where Q is the dimensionless elastic constant defined by (3.3l). The 
displacement components corresponding to the strains are obtained by-
integrating the following strain-displacement equations 
Bur(r,0;X) 
er(r,0;X) = — ^ T 
ee(r,9;X) = 7 ur(r,9;X) + 7 — £ Q 
and (6.6) 
-, Bu (r,6;X) 3u (r,9;X) -, 
e
re
(r'^x) = r.—Se " + %r " 7 »e(r^x) ' 
where u (r,9;X) and u (r>9;\) are the radial and tangential displace-
r y 
ment components, respectively. 
The homogeneous boundary conditions to be imposed on the fixed-
free corner are 
ae(r/9;X) = 0 , a ^ r ^ X ) = 0 ; 
and (6.7) 
ur(r,f;x) = 0 , u 9(r,^) = 0 , 
For X = 0 , the stress function in (6.1) takes the form 
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$(r,9;0) = (C cos6 .+ Cosine.* C 9cos6 + C,esih8)r , (6.8) 
which yields the stresses 
..a(r,6;0.) =-(C^cos6 - C„sin6) , 
•ae(.r,-e;0) = 0 
and (6.9) 
are(r,9;0) > 0 . 
Substituting equations (6.9) into Hooke's law, one finds for strains 
2Ger(r,e;0) =
 2^~°) (C^cose - C sine). > 
2Gee(r,e;0) = - ̂  "(Ĉ cos.'e - C^ina) 
and (6.10) 
2Gere(r,e;0) = 0 . 
Upon integrating the first of equations (6.6), one obtains 
2Gu (r,6;0) = 2(l-a)(C^cos0 - C sin9)lnr + f'(e) , (6.11) 
where f'(e) is an arbitrary function of 9. Substituting from equations 
(6.10) and (6.1l), one finds upon integrating, that the second strain-
displacement equation gives ' -;' •:• 
2Gu (r, 9;0) := - 2[ 0 *, (l-
;o):lnr](Ĉ sine + C cpsG) . 
•'.-•'"£(>) :+''g(r)•', (6.12) 
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in which g(r) is an-arbitrary function of r. Consideration of (6.11) 
and (6.12) in conjunction "with the last of equations (6.6) leads to 
the differential equation 
g(r) - rg'(r) = f"(9) + f (e) - 2(l-2a)(C4sine + -QCOBQ) . (6.13) 
Since the left-hand: side of (6.13) depends only on r and the right-
hand side depends only on 9, "both sides must "be equal to the same 
separation constant C; i.e.., , : • v 
f"(e) + f(e) = c + 2(1-2^(0^^9 + c cose) 
and (6.1*0 
2 
r dr km^^ 
The solutions of equations (6.lh) are 
f(e) = Ksine + Hcose - (l^aHc^ecose - c esine) + c (6.15) 
and 
g(r) = Fr + C ,. 
where F, H, K are the rigid-body displacement parameters. Combining 
equations (6.11), (6.12) and (6.15), one obtains the displacement 
components 
2Gur(r,9;0) = 2(l-a)(C^cose - C sin9)lnr + (2CT-l)[C^(cose - GsinG) 
- C (sin6 + 9cos9) + KcosG + HsinG 
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and •(•6.16) 
2GuQ(r,0;O) = - 2[ a + (l-a)lnr](C^sine + C_cose) 
.+ (l-2a)(C^0cos0 - C_0sin0) + Hcos0 - Ksin6 + Fr . 
Examination of equations (6.l6) reveals that the constants C_ and C, 
must be set equal to zero to insure finite displacements. Conse-
quently, the only displacement possible is a rigid-body displacement 
in the plane; i.e. 
2Gu (r,0;O) = Kcos0 + Hsin0 (6.17) 
and 
2Gu a ( r ,0 ;O) = Hcos0 - Ksin© + Fr . 
Thus the eigenvalue \=0 results in a null stress field and is excluded 
from further consideration. 
For \=1/ the stress function in (6.I) takes the form 
§(r,6;l) = (C^ + C2 + C sin26 + C^cos26)r
2 , (6.18) 
and substituting the second of equations (6.3) into (6.4) yields the 
following stresses 
ar(r,6;l) = 2(C16 + C2 - C3sin26 + C^cos2e) 7 
a0(rre;l) = 2(0^0 + C2 + C_sin^0 + G^cos26) 
and (6.19) 
a e ( r r 6 ; l ) = - C-ĵ  - 2C^cbs26 +20^311120 . 
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S u b s t i t u t i n g equa t ions (6 .19) i n t o equa t ions (6.3) g ives 
2Ge r ( r , 9 ; l ) = 2( l -2cr ) (C 'e +. C.2) - 2C sln26 - 2C^cos26 , 
.-. 2 G « ( r , 9 ; I ) = 2( l-2«j) ( ( ^6 + ~C;2) + 2C sin29 + 2G^cos2e 
and ( 6 . 2 0 ) 
2 G e r e ( r , 6 ; l ) = - 2(0^ + 2CLCOS26 - 2C^sin20) . 
Upon integrating the first of equations (6.6), one obtains 
2Gur(r/6;l) = 2[(l-2a)(Cie + C2) - C3sin2e - C^cos2e]r + f'(e) , (6.21) 
where ff(6) is an arbitrary function of 6. Substituting from equa-
tions (6.20) and (6.21), one finds upon integrating that the second 
of equations (6.6) yields 
2 G u e ( r , 6 ; l ) = 2(-G3cos2e + C 4 s in26) r - f ( e ) + g ( r ) / (6 .22) 
where g(r) is a function of r only. Consideration of (6.21) and (6.22) 
in conjunction with the last of equations (6.6) leads to 
f^e) + f(e) = g(r) - rg'(r) - Ml-ajc^r / (6.23) 
which requires 
f(e) = Ksine - Hcose + C 
and (6.2k) 
g(r) =Fr + C - ̂ (l-aJCLrliir . , 
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where C is again a separation constant and F, H, K are the rigid-body 
displacement parameters. 
Combining equations (6.21), (6.22) and (6.24), one obtains the 
displacement components 
2Gur(r,9;l) = 2[(l-2CT)(Gie + Cg) - C sin29 - C^cos2e]r 
+ KcosG + HsinQ 
and (6.25) 
2Gu (r, 9;1) = - Ml-a)Crlnr + 2(-C cos26 + Cr_sin26)r 
+ Pr - Ksine + Hcose . 
Imposing the boundary conditions given by equations (6.7) leads 
to the following system of homogeneous equations for the constants C , 
C2, C3 and C4 
C 2 +Ck = 0 '..' 
-C^ + 2C3 = 0 , (6.26) 
(2 ( l -2c ) ( |G 1 +"C2) +0^ +H = 0 
and 
[2G ->'(i-a)'C1lHri'+ F]r - K = 0 . 
Since the last two of equations (6.26) must hold for any value of r, 
the constants % E, K> C and C_ must be set equal to zero. 
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Satisfaction of the first and third:of equations (6.26) then requires 
the constants Cp and Ci to he zero, hence the only solution of (6.26) 
is the trivial one 
C_ = C ='C, = F = G = H = 0 . 
2 3 •• ' k 
Consequently, the value X = +1 i s hot an eigenvalue of the fixed-free 
corner. 
For X = ' - 1 , the s t ress function in (6.1) takes the form 
$ ( r , 9 ; - l ) = C ^ + C2 .+ C sin29-.+• C^Ds2e , (6.27) 
and the s t resses from equations (6.k)-are found to he, 
a r ( r / 9 ; - l ) = - 4(C3sin20 + CJ+cos2e)r"
2 , 
ce(r,.fl;--l) = 0 
and (6.28) 
-2 a ( r , 9 ; - l ) = ( C r + 2C cos26 - 2C^sin2e)r' 
-2 
Since the stresses are singular like r , it follows from the strain-
displacement equations of, linear elasticity that the displacements 
"will he singular like r . Consequently/ the eigenfunction corre-
sponding to X = -1 must he excluded on the "basis that it will result 
in unhounded displacements at the crack tip. 
2 
For X £ 0, or 1 the stress function in (6.1) takes the form 
$(r;6;X) = r^C^^singe + C^os^e + C-sinTie..+ Ĉ cosT]e) , (6.29) 
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where 
§ = X + 1 and 71 = X - .1 . 
S u b s t i t u t i n g from ( 6 . 3 ) i n t o equa t ions ( 6 . 4 ) produces the s t r e s s e s 
a r ( r , e j X ) = -Xr
T1[(G1sin§8 + C2Gos§e)§ 
+ (T]-2)(C sinTie + C^cosTie)] >• 
a Q ( r , 9; X) = X§r
T1[C1sin§e + CgCosge + CyinTie + c'^cosTie] (6 .30) 
a n d 
a r e ( r , 9 ; \ ) = -Xr^CW^coiage"- C2sih§9) 
+ Tl(C cosTie - C^sinTle)] . 
The corresponding strains are 
2Ge r ( r r e ;X) = -Xr
7 ' [§(G1sin§e + C2cos§e) 
+ (Tl-2+^a)(C3sinTie + C^cosTie)] , 
2Ge e ( r ,6 jX) = X r ^ C ^ C ^ i n g e +C 2 cosg6 ) 
•' ...s + (§Aa)(C 3s inTie + C^cosTie)] ( 6 . 3 l ) 
and 
2 G e r e ( r / e a ) = ^ X r ^ C C ^ c o s ^ - C2sin§9) + TtfC^cosTle- C^inT] 9)J 
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Upon integrating the first of equations (6.6), one obtains 
2Gur(r,e;\) = r
X[- §(C1sin§0 + C2cos§e) (6.32) 
- CTI- 2 + 4a)(e^siriT)e + c^cosTie)] + f ' ( e ) , 
where f'(9) is an arbitrary function of 9. Utilizing (6.31) and 
(6.32), one finds upon integrating, that the second of equations (6.6) 
yields 
2GuQ(r,e;X) = 2(-C3cos2e + G^sin2e)r - f(e) + g(r) , (6.33) 
where g(r) is a function of r;>only. Consideration of (6.32) and 
(6.33) in conjunction with the last of equations (6.6) leads to the 
requirement that 
f"(9) +f(9) =g(r) - rg'(r): , (6.3^) 
which in turn requires that 
f(e) = Ksine - Hcos0 + C 
and (6.35) 
g(r) = Fr + C , 
where C is the separation constant and F, H, K are the rigid-body 
displacement parameters. Combining (6.32), (6.33) and (6.35)^ one 
obtains the displacement components 
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2Gu r ( r ,9 ; \ ) = r
X[-5(C l S in?e + Cgcosp) 
- (71 - 2 + UCT)(C'sinTlB + C^cosT]e)] 
. • + Kcos9 + HsinG 
and (6..36) 
. 2Gu (r,ej-X) = r^-^C^os^e -' CgSinge) •• 
+ ( § • - ^a + 2 ) ( - C3<iosT].e- + C^sinTlG)] 
- KsinQ + Hcos0 + F r . 
From equations (6.36) it is clear that negative values of \ will 
result in infinite displacements at the origin. .Consequently, all 
negative eigenvalues are excluded from the analysis. 
Imposing the "boundary conditions given "by (6.7)/produces the 
following four homogeneous equations for C , Cp, C and C, 
'% ,'; • G2 + : € V = ° > 
gC^ + T1C3 = 0 , 
rX[§(ciSin §.§"+ Cgcos H g) + (T] + kG - ̂ '(c^slii f T] 
+ C^cos I T))] - H = 0 (6.37) 
and 
r* [-§(ciGos I { - C2sin I t) 
+ (.?: - U'a + 2)(-C3cos | T); + C^sin | .7]) ] 
+ Fir - K = 0 '.. 
Using the first two of these equations to eliminate C, and Cp, and 
introducing the trigonometric identities 
sin( X ± I):'|. = •+. cbs(^) 
and 
cbs'(x + 1) g = + s i n ^ j , 
leads to the following two homogeneous equations for C and Cj. 
^[X-SCl-^^cos^ r* 
+ [1 - X - 2a]C^sin(^) } - H = 0 
and (6 
r X { [ l + X - 2C T]C3sin^) 
+ [X + 2 ( l - C T ) ] C ^ c o s ^ H + Fr - K = 0 . 
6o 
Since equations (6.38) must hold for any value of r,. the rigid-body 
constants F, H and K must vanish. The resulting system of equations 
for C ' and C. will have a non-trivial solution if/ and only if, the 
determinant of the coefficients vanishes. Hence, a non-trivial 
solution for Co and C. requires that \ satisfy 
sin 
2 ( f ) r H l ? - 2 v ^ • (6-39) 
From equations (6.37) and (6.38), one sees that the constants 
C •., C_ and C may he written in terms of Ci as follows 
c -V l t^ l^ '^MV 
C l ~ §(Tl+2a-l) t a n U Fh > 




Thus for X •£ 0 or .1, the eigenfunctions are given by 
V S n 




\+2° , /»V n̂ 
pn = 11 + 2a - 1 tan(—) ' qn = - | - P „ -'n n 
Before forming a more general solution amounting to the sum of 
all the eigenfunctions, it •will be advantageous to first determine 
the character of the eigenvalues. After the introduction of a simple 
trigonometric identity, the characteristic equation (6.39) may be 
written as 
\2 + B + A cos (rr\) = 0 , (6.^3) 
where \ may be complex and the real constants A andB are given by 
A = - \ (3 -:h<j);. (6.H) 
and (6.M) 
B = - A - k(l-o)2 . 
Separation of (6.4l) into.real and imaginary parts yields the follow-
ing system of homogeneous equations 
2 2 
& - 3 + B + A cosrrc* coshTrP = 0 
and ; (6.^5) 
2a& - A sinno- sinhn|3 = 0 , 
vhere or and 3 are the real and imaginary parts, respectively, of \. 
From equations (6.44), one sees that restricting Poisson's ratio to 
the range 0. < v < 0.5> requires A and B to satisfy the inequalities 
-1.5 < A < -0.5 
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and (6:k6) 
-2.5 < B <-;-0.5'''••. 
For the case X real (i.e., 3 = O), the second of equations (6A3) is 
identically satisfied and the first reduces to 
a2 4- B"= - A COSTT* . • - • (6.kj) 
An examination of the roots of (6. kf) subjected to (6. k-6) reveals 
there is only one positive root:'and that root will lie "between zero 
and unity. Note that if ot = Q- is a real eigenvalue, then a = - a-, , 
is also an eigenvalue. However, from equations (6.30) and (6.36) it 
is seen that the stresses are finite if Re X > 1 and the displacements 
are unbounded as r -»•'0 if Re \ < 0. Hence, all eigenvalues having a 
negative real part are excluded and those eigenvalues having a posi-
tive real part in the range 0 < Re X < 1 are isolated for special con-
sideration in order to determine the order of the stress singularity. 
Now consider the case X complex (i.e., g ̂  0').:.. Substituting 
X =&•'- ig into equation (6.^3) and then: separating it into real and 
imaginary parts, again leads to equations (6A5)« Hence, complex . 
eigenvalues will always occur in complex conjugate pairs and in 
general, there will be an infinity of such pairs. 
It will now be shown that the real part of any complex eigen-
value having a positive real part is always greater than the single 
positive real eigenvalue. Rewrite the second of equations (6.^5) as 
(Biim)!^^li.)=-%. . (6.48) 
\ TO A T70 J 2 A 
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Since A < 0 for 0 < v < 0.5, the right-hand side of (6.U8) is 
negative. Note that for 0 < a < 1> the factor simTa/ira is always 
positive and for 3 ̂  0, the factor sinhTT$/TT|3 is alvays greater than 
one. Hence, there are no complex eigenvalues with a positive real 
part less than one which satisfy (6.U8). Moreover, since the exis-
tence of a stress singularity is only possible when 0 < Re A < 1, the 
order of the stress singularity is determined by the magnitude of 
the single positive real eigenvalue. 
Since there are infinitely many eigenvalues satisfying the 
characteristic equation, a more general stress function may be 
expressed as an infinite series of the eigenfunctions; i.e., 
GO 
$( r , 9 ;A ) = ) a r ( q . s i n g 9 - cos§ 9 + p sinT] 9 n L> n v n an no *n 'n 
n=l 
+ cosT] 9) , (6.1*9) 
'n 
where the constants a are arbitrary (possibly complex) and § , T) , 
p , q are defined by (6.^2). The term corresponding to the real 
eigenvalue will lead to real stresses and .displacements only if the 
corresponding coefficient a is real. 
It will now be shown that a part of the stress function corre-
sponding to a complex eigenvalue and its conjugate, say A and \ , 
will be real if the corresponding coefficients a and a n are required 
n n+1 
to be complex conjugates. Denote the part of the stress function 
corresponding to ^ and \^ by $n n+1; i.e., 
6k 
$ •_•'=. a . E ( r , 6 ; A ) + a _E(r,.e;X , -.) ,. (6 .50) 
.:.••• n , n + l n n ' n+1 n+1 ' 
where . 
' §n 
ECr^e;^) = r (pnsinTln9 + q^ in^ 'S + cos ine - co.s^-9) 
and (6.51) 
E ( r , ; e ; \ + 1 ) = E ( r , 9 ; l i l ) = E ( r , e ; ^ ) . 
Let 
E 
( r ' e ^ =A + i I n '••'• 
a = A . + IB n n n 
and- (6 .52 ) 
an+l = A n + l
 + iBn+l / 
where R , I , A , B , A n and B ' are real. Substituting the n n n n n+1 n+1 D 
relations given "by (6.52) into (6.50) and separating the real and 
imaginary parts, one obtains 
$ ._,_.= (A '+ A _)R - (B + B _)I 
n,n+l n n+1' n n n+1' n 
+ i[(B +B'' )R + (A -A__)l]....':• (6.53) uv n n+1' n x n n+1 nJ x ' 
From (6.53); it is seen that requiring a to be the conjugate of 
a (i.e., A ' = A and B ., = -B ) causes the imaginary part of 
n n+1 n n+1 n 
$ ' to vanish and the real part to reduce to 
n,n+l 
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*r> r-ul = 2 ( A A " V j • (6-5l+) 
n,n+l n n n n 
Recall that for each value of Poisson's ratio in the range 
0 < V < 0.5 there exists one real positive eigenvalue and an infinity 
of complex conjugate pairs; note that $ '•••'/ as given by (6.54)., is 
"-. n^n+J. 
typical of the contribution of each such complex conjugate pair to the 
stress function. Hence/ a real stress function appropriate for the 
problem of the fixed-free corner is given by 
• ' ' -'oo 
$(r/9;X) = s^(r;e|X^);+ 2f I •£;•; (snReE(r/e;X^) 
.n=2,4,6,... 
- sn+1.3mE(r.>e;Ah));-., (6.55) 
where E(r,0;X ) is defined by (6.49) and the s ' s are arbitrary real 
constants. 
From equations (6.30) and (6.36), the dimensionless stresses 
and displacements (see equations (3.49) for definition of dimension-
less variables) corresponding to (6.55) a^e 
SR(R,0) = s* F^R^S;^) + 2 £ [s* Re FR(R,9;^) 
n=2,4 
" Bn+1 Im V R' 8'\i» ' 
Se(R,9) = s* F ^ R ^ U - L ) + 2 £ i-
sn Re F9 ( R' 9 ; ^ 
• n = £ , 4 • • • ' 
- :B*+inkP(R,«i^.j].,-
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* * & * • * 
SR0
(R'0) - sl WR 'e a i> + 2 I fSn ^ W * ' 0 ' ^ 
n=2,4 
" Sn+1 ^ e ^ e ; ^ ) ] , (6.56) 
UR(R,9) = s* ^ 0 * * 9 ; ^ ) +-2 £ [ s* ReDR(r, 0; ^ ) 
I n=e,k 
- s n + 1 Im^pC^e j^ ) ] +• s 6 cose' + s * sine-
and 
Ue(R,6) - o l V . * . ^ ) + 2 £ [ s* R e D ^ R , ^ ) - s * ^ M J ^ R , 9 ; XQ) ] 
n=£,4 
w •Jf ,y 
s^ s ine + s_ cose + So R , (6.57) 
where 
F R ( R ' 0 ' V = " ^ R " [ -^ (qnSin^e - cos§ne) + (71-2)(pnsinT1ne + cos71ne)]> 
' • ' • • • • • V 
F e ( ^ 0 ; X n ) = \ ^ n R n f q n S i n ? n 0 " C o s ^ n
e + P n S i n V + cos\Ql > 
FPQCR.S;^) = -y? n[§n(qncos§ne + sin§ne) +\(pncos^e.-;.s±iTine)], 
^ ( R . e ; ^ ) = R n [ -§ n (q n s in§ n e •+ c o s ^ e ) 




D0 ( R , 9 ; Xn ) = R ["§n(qnC0S§ne " sin?n9) 
+ (§ -W2)(-p cosTl 9 + sinT] 0)1 . TI n 'n 'n 'J
•I Equations (6.56) and (6.57;) are the "basic equations needed to 
form the stiffness matrix of the fixed-free corner element. Note that 
the eigehfunction expansions have been truncated after the fifth term. 
These five degrees of freedom (s.., Sp,;..., s,-): in conjunction with the 
' . y
 ; ' ' ; * • " * 
three rigid-body displacement degrees, of freedom (now denoted S/-, s , 
* \ ] ' ' . . ? . • 
S Q ) * are taken to be the eight degrees of freedom natural to a four-
node membrane element. The choice of the^degrees of freedom Garre-
tt *• *• *• *• 
sponding to the generalized coordinates s , s?, s~, s>, s is arbi-
trary, however, to obtain the best possible solution from the truncated 
eigenfunction expansion the locally most important terms were selected. 
*• 
That is, s is the coefficient of the eigenfunction which corresponds 
• * • * 
to the single positive real eigenvalue; sp and s are the coefficients 
of the eigenfunctions which correspond to the pair of complex conju-
gate eigenvalues having the smallest positive real part; and s, and 
s are the coefficients of the eigenfunctions which correspond to the 
pair of complex eigenvalues having the next smallest positive real 
part. The one-to-one correspondence between the actual degrees of 
*The rigid-body displacement degrees of freedom are included 
once again (even though satisfaction of the boundary conditions 
requires them to be zero) in order to provide a one-to-one corre-
spondence between the actual degrees of freedom and the number of dis-
placement degrees of freedom. 
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freedom and the number of displacement degrees of freedom of the 
corner element insures that the stiffness matrix of the corner 
element may be added to the stiffness matrix of the assembly in 
exactly the same way that a conventional element is added; 
The same technique used to develop the cracked element will be 
used to develop the corner element; i.e., appropriate Williams' 
coefficients will be utilized as generalized coordinates in a finite-
element displacement method approach. The shape of the corner element 
is taken to be square and the four corners of the element are 
selected as the nodes. The lover side (nodes four and one) is 
required to be stress free and the left side (nodes three and four) 
is constrained rigidly as to horizontal and vertical displacement 
(Figure 22). The characteristic length D used in equations (3.̂ +9) to 
make certain variables dimensionless is again taken, to be the dis-
tance between the nodes. 
The incorporation of some of the higher modes of deformation, 
in addition to the predominant near-field term, permits very accurate 
estimates of the stress and displacement fields with relatively coarse 
finite-element grids. The shape of the element was chosen so that it 
would fit conveniently in models making use of the most widely used 
membrane elements — the constant-strain triangle and quadrilateral. 
For convenience the stiffness matrix of the corner element will 
be formulated in dimensionless form. The dimensionless cartesian and 
polar coordinates are related by equations (k.l) with their common 
origin at node h, as shown in Figure 22. The dimensionless in-plane 
polar stress and displacement components can be expressed in terms of 
the new more convenient cartesian system by substituting equations 
(6.56) and (6.57) into equations (^.2) and (^.3), respectively. Let 











in the elemental cartesian coordinate system and let the column of 








The generalized coordinates S/, s_ and S Q represent respectively, the 
rigid-body parameters for translation in the X-direction, translation 
in the Y-direction and rotation about an axis through the origin and 
perpendicular to the XY-plane. The nodal displacement components can 
be related to the generalized coordinates by 
[0} = [A][ s*] . (6.61) 
Since the number of generalized coordinates was chosen to equal the 
number of degrees of freedom, the transformation matrix [A] will be 
square. The elements of [A] are determined by evaluating TJL(R, 9) and 
U_(R, 9) at each of the nodes and then using the coordinate trans-
9 
formation (^.3). In this case/ however, the placement of nodes three 
and four along the fixed edge of the corner element (i.e., 9 = TT/2) 
forces the displacement component in the Y-direction to be equal at 
these two nodes. Consequently, the rows of [A] corresponding to U 
: • • • • • 3 
and U„ are identical and [A] is singular. 
^ • • • ' • ' . ' , ' 
If the nodes are kept at the corners of the fixed-free corner 
element, then the only way to modify the model so that the transforma-
tion matrix [A] will not be singular is to, replace the degree of 
freedom associated with one of the generalized coordinates. Recall 
that the five eigenfunctions retained in the stress function corre-
sponded to the eigenvalues 
X-, = (Xn, , X2 = <*2 ± i^2 and ^ = a^ — ^"3 ' 
where 0 < (x-, < 1 < c*p < c*o« Hence, the eigenfunction corresponding 
to X-,' is the predominant singular term and the eigenfunctions corre-
sponding to Xp are locally more important than the ones corresponding 
to X^. Since the eigenfunctions corresponding to Xo (i.e., the ones 
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associated with :.'M and sr) are the locally least important of the 
eigenfunctions retained in the truncated expansion/ the degree of 
freedom associated with either s> or s should be chosen for the 
replacement. But since the displacements were forced to he real by-
considering the eigenvalues in complex conjugate pairs, it is deemed 
appropriate to replace the degrees of freedom associated with both 
Si andSj.. The two degrees of freedom associated with a uniform 
biaxial stress field* (Figure 23) were chosen to replace the ones 
•X- -X-
associated with Si and s|j_. This is by no means the only way to 
resolve the problem of the non-rsingular [A] matrix. Replacing the 
degrees of freedom associated with' s^ and ŝ  by the ones associated 
•x- -• -x-
with a biaxial constant strain field, (i.e., Uy = s, X and Uy = s Y) 
will also result in a non-singular [A] matrix. 
At first sight, it appears that this'modification would violate 
the boundary conditions; i.e., it would result in stresses along the 
edge 0 = 0 and displacements along the edge 0 = rr/2. However, forcing 
nodes three and four to remain fixed In the finite element model also 
forces the stresses along 6 = 0 and the displacements along 0 = n/2 
to vanish. 
The strains corresponding to the biaxial stress field may be 
written as 
2Gex = [(l-cr)ax r oa J 
o o o 
•X-
•̂ Replacing the degrees of freedom associated with Si and s,_ by 
the ones associated with the combination of either a normal stress in 
the X-direction and a shear stress or a normal stress in the Y-




2Ge = [(I-CT)CJ - 00 ] . 
y y x "V Jo o 
Integrating equations (6.62) results in the displacement components* 
2Gu = F(l-a)(j - GG ]x 
- • • x L X ' x y J 
o ^o 
and (6.63) 
2Guy = [(l-a)a - GG]y . 
^ • o o 
Introducing the dimensionless variables defined "by equations (3.^9) in 
(6.63) results in the dimensionless displacement components 
Ux = [(l-a)s* - as*]X 
and (6.6k) 
UY = t~QSt + (l-cr)ŝ ]Y / 
•x- •& 
where a /G and a /G have been replaced "by s» and s,_, respectively.** 
x o :• y o *•-. • ? 
Equations (6.6^) are used to obtain the necessary modifications 
to the [A] matrix; i.e., the elements in columns four and five of the 
odd-numbered rows of [A] are obtained by evaluating the first of 
*The rigid body terms resulting from the integration have been 
omitted since^the general rigid-body displacements have already been 
included as s^, s and Sn. 
•Jfr "X-
**Note at this point the generalized coordinates s, and s have 
been replaced and are no longer nondimensionalized as previously 
indicated in (3.^9)• 
equations (6.6k) at each of the nodes and the elements in columns 
four and five of the even-numbered rows of [A] are obtained "by evalu-
ating the second of equations (6.6k) at each of the nodes. Hence, 
the modified [A] matrix is 
[A] = 
x x x ^r - § x x x 
x x x o 
l-c X X X 
X X X 
X X X 0 




0 X X X 
- •? X X X 
X X X 
0 X X X 
- | ^ X X X 
(6.63) 
X X X 0 0 X X X 
X X X 0 0 X X X 
- - i 
where the X's indicate no change. The matrix [A ] can now be deter-
mined numerically. 
The components of the biaxial stress field when written in 
dimensionless form are simply 
and 
ax —" S l * ' 
; % = 
SXY 
= : Q :>,« 
(6.66) 
The dimensionless in-plane polar stress and displacement components 
(see equations (6.^6) and (6.57)) can be expressed in the now more 
T4 
convenient cartesian coordinate system "by. the transformations given 
"by equations (4.2) and (4.3). The?resulting equations for the dimen-
sionless cartesian stress and displacement components are then 
modified "by replacing the coefficients of the terms in the summations 
corresponding to n" = 4 (i.-e*,, the coefficients of Sr and s- ) "by 
the corresponding coefficients.of s« and sV in equations (6.6k) and 
(6.66). 
The stiffness matrix of vthe corner element relative to the 
generalized coordinates, [KC], can now "be obtained by the same tech-
nique that was used to obtain the stiffness matrix of the crack-tip 
element relative to the generalized coordinates. That Is, the elastic 
strain energy stored in the corner element is obtained as a quadratic 
form in the generalized coordinates "by numerically integrating the 
work of the surface tractions around the "boundary; the elements of the 
stiffness matrix relative to the generalized coordinates are then 
obtained "by substituting this quadratic strain energy functional into 
(>K15)-. ' 
Once the modified matrices [A] and [KG] have "been formed, the 
stiffness matrix of the corner element relative to the nodal displace-
ment components, [K], and the column matrix of generalized coordinates, 
•jfr • 
{s }, are obtained from the transformations given by equations (4.12) 
and (4.9)> respectively. 
To illustrate the capabilities of the fixed-free corner element 
with regards to accuracy and economy, the problem of the semi-infinite 
strip shown in Figure 4 was selected. The strip is free at its sides 
y = + 1, completely restrained (u = v = 0) at x = 0 and loaded at 
x = oo "by a uniform tensile stress, <j = .1 psi. The strip was assumed 
to be in a state of plane stress and to have a Poisson's ratio of 
v = 0.3201398.* 
Several finite element representations ranging from a very 
coarse grid (to demonstrate the effectiveness of the corner singular-
ity element) to a fairly fine grid were used to model the semi-
infinite strip. The numerical results in each case were compared to 
analytical values obtained by.Benthem [38] by use of a Laplace trans-
form technique. The coefficients of the singular terms in his eigen-
function expansions for the normal stress a (y) andthe shear stress 
T (y) were selected for the comparison; i.e.y 
>x(y) - c ^ l - y ) -
1 ^ 
and 
Txy(y) - c2(l-y)" / . : , ;' 
where c = 0.5782 and cg =0.1^8. 
The first finite element representation used to model the semi-
infinite strip consisted of only eight nodes, two four-CST quadrilat-
erals and one fixed-free corner element (Figure 25).*"* This grid 
yielded values of c =0.5712 and Cp = 0.1^31* and required only 
•KTMs value of v was chosen so that the magnitude of the stress 
singularity at the fixed-free corner would be l/̂ -. 
*-*Due to the symmetry of the strip about the x-axis, it was only 
necessary to model one-half of it. 
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539 milliseconds CPU time. The second grid utilized consisted of 6l 
nodes, 50 four-CST quadrilaterals and one fixed-free corner element 
(Figure 26). ,This grid yielded values of c = 0.5776 and Cp = O.lWf, 
and required 2.8 seconds CPU time. 
Finally, in order to compare values of the stresses <j (y) and 
T (y) at various points along the clamped edge (i.e., at x = 0) with 
*y 
corresponding values obtained "by Benthem, a much finer grid consisting 
of kj-l nodes, 399 four-CST quadrilaterals and one fixed-free corner 
element was utilized. The finite element results are shown in Table 3 
and Benthem's results are shown in Table k. It should he noted that 
the points at which the stresses are evaluated for the finite element 
solution do not correspond exactly to Benthem's points. This is due 
to the grid utilized and the stress averaging technique used to 
obtain the stresses for the four-CST quadrilaterals. 
Table 3. Finite Element Solution for Stresses Along 
Clamped Edge of Semi-Infinite Strip Shown 
in Figure 2k. 
Y(in) a x ( p s i ) T x y ( p S i ) 
0.05 0.9^05 -O.OO91 
0.15 0.9^12 -0 .027^ 
0.25 0.9^29 -o.ok6k 
0.35 0.9^59 - 0 . 0 6 3 ^ 
0.45 0.9509 -0.0806 
0.55 0.959^ -0.1252 
O.65 0.9T^5 -0.1^-15 
• 0 . 7 5 1.0037 -0.1788 
0.85 1.0702 -0.2335 
Ta"ble 4. Benthem's Results for Stresses Along 
Clamped Edge of Semi-infinite Strip 
Shown in Figure 24. 
Y(in) C7x(psi) T (pSl ) 
0.00 0.9308 -0.0000 
0.20 0.9319 -O.O363 
o.4o 0.9365 -0.0759 
o.6o 0.9511 -0.1221 
o.8o 1.0030 -0.1909 
0.90 1.1028 -0.2467 
0.950 1.26o8 -0.3012 
0.980 1.552r -6.3831 . 
0.990 , 1;8360 -0.4570 
0.995 : 2 . I78I -0.5441 
0,999 3.252O -0.8143 
CHAPTER VII 
CONCLUSIONS 
The incorporation of many of the higher modes of crack-tip 
deformation, in addition to the predominant inverse square root 
singular term, in the cracked element removed the need for highly-
detailed models, with very significant economies in data preparation 
and problem execution time compared to previous finite element solu-
tions. The numerical results indicate that mode I stress-intensity 
factor estimates can be obtained within an accuracy of four to five 
percent even when the size of the eight-node rectangular cracked ele-
ment is twice as large as the length of the crack. 
The high-order cracked element stiffness matrix was constructed 
by the generalized coordinate method. The displacement coordinate 
functions were selected from the Williams' series of eigenfunctions 
for a stress free crack and rigid-body displacement terms were 
included. 
Both the stiffness matrix relative to generalized coordinates 
[KC] and the displacement transformation matrix [A] needed to obtain 
the stiffness matrix relative to nodal displacements [K] were resolved 
into two separate parts; one independent of material properties and 
the other externally dependent (i.e., the dependence can be factored 
out) on material properties. This separation of [KC] and [A] into 
two distinct parts was made to permit the storage of the stiffness 
8o 
matrix as the sum of two matrices that are each internally 
independent of material properties. Numerical values of the stiffness 
coefficients were computed to a high degree of accuracy, in a dimen-
sionless form for an element of constant thickness.and fixed shape 
and then stored as DATA statements in^a subroutine of the computer 
program. 
The cracked element was established with a one-to-one corre-
spondence between nodal displacement degrees of freedom and general-
ized coordinates to permit the addition of the stiffness matrix of 
the cracked element to the overall stiffness matrix of a structural 
model by the customary direct stiffness method. This relationship is 
not essential, and more Williams' eigenfuhctions, or other functions, 
could be included in the element formulation by using internal nodes, 
Should the bandwidth become excessive, these internal nodes could be 
eliminated by the usual static condensation process. 
Wo attempt was made to assess the effect of changes in accuracy 
with element aspect ratio and the number of element nodal points. 
Also there is no a, priori reason to believe that the rectangular shape 
selected for the present cracked element formulation is the optimum 
shape. Hence, a study of the effect of element shape, size and number 
of nodal points on accuracy might prove to be worthy of further 
investigation. 
The following are suggested as possible extensions to the high-
order cracked element presented herein: 
(l) A high-order cracked element for plate bending. 
(2) A high-order cracked element for anisotropic materials. 
(3) A high-order cracked element for investigating thermal 
effects. 
(k) A high-order cracked element capable of accommodating 





Figure 1. Mode I Crack Tip Deformation. 
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Figure 2. Simplified Compact Tension Specimen, 
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Figure 3. Compact Tension Specimen. 
Figure k. Rotating Test Specimen, 




* i * v t * i 
Figure 5. Center Cracked Plate Subjected to Tension, 
Figure 6. Double Cantilever Beam Specimen. 
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Figure 7. Single-Edge Cracked P l a t e w i th P resc r ibed End Displacements, 
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Figure 8. Tension Specimen with a k-5 Center Crack. 
Figure 9. Byskov's Four-Node Equilateral Triangular Element, 
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Figure 10. Double-Edge Cracked Plate Subjected to Tension, 
Figure 11. Walsh's Singulari ty Element. 









Figure 13. Eight-Node High-Order Symmetric Singular i ty Element. 
**X 
Figure ik. Relation Between Dimensionless Coordinate Systems, 
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y 
Figure 15. Surface Tractions Acting on Boundary of Cracked Element, 
Figure l6. Finite Element Representation of 6" x•18" Single-Ed 
Cracked Plate with a/W =0.5. 
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Figure 17. Fini te Element Representation of 6" x 18" 
Double-Edge Cracked Pla te with a/W = 0 .5 . 
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Figure 18. Finite Element Representation of 6" x 18'" 
Center Cracked Plate with a/W =0.5. 
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Figure 19. Finite Element Representation of 10" x 40" 
Plate vith a/W =0.3. 
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Figure 21. Finite Element Representation of Plate Shown in Figure 2.0. 
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Figure 22. Fixed-Free Corner Element. 





Figure 23. Biaxial Stress Field Used to Force the [A] Matrix of the 
Fixed-Free Corner Element to he Non-Singular. 
97 
Figure 2h. Semi-Infinite Strip in a State of Plane Stress with 
v = 0.3201398. 
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JIL Figure 25. Finite Element Representation of Semi-Infinite 







Figure 2.6.. Finite Element Representation of Semi-In finite Strip, 
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